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NONCONFORMING VIRTUAL ELEMENT METHOD FOR 2m-TH
ORDER PARTIAL DIFFERENTIAL EQUATIONS IN Rn WITH
m > n
XUEHAI HUANG
Abstract. The Hm-nonconforming virtual elements of any order k on any
shape of polytope in Rn with constraints m > n and k ≥ m are constructed in
a universal way. A generalized Green’s identity for Hm inner product m > n is
derived, which is essential to devise the Hm-nonconforming virtual elements.
The dimension of the Hm-nonconforming virtual elements can reduced by the
Serendipity approach. By means of the local Hm projection and a stabilization
term using the boundary degrees of freedom, the Hm-nonconforming virtual
element methods are proposed to approximate solutions of the m-harmonic
equation. The norm equivalence of the stabilization on the kernel of the local
Hm projection is proved by using the bubble function technique, the Poincare´
inquality and the trace inequality, which implies the well-posedness of the
virtual element methods. Finally, the optimal error estimates for the Hm-
nonconforming virtual element methods are achieved from an estimate of the
weak continuity and the error estimate of the canonical interpolation.
1. Introduction
The Hm-nonconforming virtual elements of order k ∈ N on a very general poly-
tope K ⊂ Rn in any dimension and any order with constraints m ≤ n and k ≥ m
have been devised in [11]. For theoretical considerations, we will study the Hm-
nonconforming virtual element (K,NK , VK) for case m > n in this paper, which
can be considered as the second part of the work [11]. Here NK is the set of degrees
of freedom, and VK the finite-dimensional space of shape functions. The virtual
element can be defined on polytopes of any shape, and thus allows the division of
the domain into different type of polytopes, which makes the discrete method easier
to capture the singularity of the solution. The key feature of the virtual element
method is that it is completely determined by the degrees of freedom, and the vir-
tual element space is only used for the analysis rather than entering the discrete
method.
It is arduous to design Hm-conforming or nonconforming finite elements for
large k and m, especially m > n. With the help of the bubble functions, Wang
and Xu constructed the minimal Hm-nonconforming finite elements on simplices
in any dimension with m = n + 1 in [26]. Enriching the bilinear form with few
interior penalty terms, they proposed a family of interior penalty nonconforming
finite element methods for arbitrary m and n in [25], whose shape functions are
polynomials of the smallest degree m. In two dimensions, Hm-conforming finite
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2 XUEHAI HUANG
elements for arbitrary m with shape functions being lower order polynomials were
devised in [6, 21] for triangular meshes and in [16] for rectangular meshes. And
some Hm-nonconforming elements of lower degree on triangular meshes for any
m were studied in [17]. In addition to standard conforming and nonconforming
finite element methods, a C0 interior penalty method in [14] and a cubic H3-
nonconforming macro-element method in [18] were developed for a sixth-order el-
liptic equation in two dimensions, and some mixed finite element methods were
advanced in [12, 13, 20] for 2mth-order elliptic equations with m > n. When
m ≤ n, We refer to [3, 27, 28, 15] for Hm-conforming finite elements, and [23, 22]
for Hm-nonconforming finite elements.
Constructing the Hm-conforming or nonconforming finite elements on general
polytopes for arbitrary k, m and n in a universal way is extremely difficult, while
it is possible for the virtual elements. As a matter of fact, Hm-conforming vir-
tual elements in two dimensions with arbitrary m were designed in [2, 9], which
were nontrivial to extend to higher dimension n > 2. While in [11, 29, 1, 30],
Hm-nonconforming virtual elements on general polytopes in any dimension n with
constraint m ≤ n were studied in details. By the way, we refer to [24] for an
H1-nonconforming Crouzeix-Raviart type element on polygonal meshes.
In order to construct the Hm-nonconforming virtual element in any order on the
polytope with any shape in any dimension for m > n, by adopting the integration
by parts, we first prove the following generalized Green’s identity for the Hm space
(∇mu,∇mv)K = ((−∆)mu, v)K +
n−1∑
j=1
∑
F∈Fj(K)
∑
α∈Aj
|α|≤m−j
(
D
2m−j−|α|
F,α (u),
∂|α|v
∂ναF
)
F
+
∑
δ∈Fn(K)
∑
α∈An
|α|≤m−n
D
2m−n−|α|
δ,α (u)
∂|α|v
∂ναδ
(δ),(1.1)
where F j(K) is the set of all (n − j)-dimensional faces of the polytope K, Aj the
set consisting of all n-dimensional multi-indexes α = (α1, · · · , αn) with αj+1 =
· · · = αn = 0, D2m−j−|α|F,α (u) some (2m− j− |α|)-th order derivative of u on F , and
∂|α|v
∂ναF
the multi-indexed normal derivative on F . Completely based on the terms
in the right hand side of the generalized Green’s identity (1.1), we define the fully
Hm-nonconforming virtual element (K,Nk(K), Vk(K)) for m > n. When K is a
simplex and k = m = n+ 1, the degrees of freedom Nk(K) are same as those of the
nonconforming finite element in [26]. When K is a simplex and k = m > n = 2,
we also recover the the degrees of freedom mentioned in [17, page 268].
The Serendipity approach in [5, 19, 4] is employed to reduce the dimension of
the virtual element (K,Nk(K), Vk(K)) to achieve the Serendipity virtual element
(K,N sk (K), V sk (K)). If we choose the degrees of freedom N sk (K) carefully, the
virtual element (K,N sk (K), V sk (K)) may reduce to an Hm-nonconforming finite
element, whose shape functions are polynomials of degree no more than k. Thus
the techniques in assembling the stiffness matrix of the virtual element methods
can be used to assemble the stiffness matrix of the finite element methods. More
importantly, this hints a way to construct the Hm-nonconforming finite element for
large k.
Then we define the local Hm projection ΠK and a stabilization term using the
boundary degrees of freedom, which are employed to design the Hm-nonconforming
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virtual element methods to approximate solutions of the m-harmonic equation. It
is worth mentioning that the stabilization term in this paper uses less degrees of
freedom than those in [11], in which all the degrees of freedom are involved in the
stabilization term.
We analyze the Hm-nonconforming virtual element methods under the assump-
tions that each element in the mesh Th is star-shaped, and Th admits a virtual
quasi-uniform triangulation. Adopting the Taylor’s theorem, we first prove the in-
verse inequality of polynomials on the general polytope K by only assuming K is
star-shaped, while K admitting a virtual quasi-uniform triangulation is assumed
in [10]. Together with the bubble function technique, the generalized Green’s iden-
tity, the Poincare´ inquality and the trace inequality, the norm equivalence of the
stabilization on ker(ΠK) is derived. As in [11], after obtaining a bound on the
jump J∇shvhK and the error estimate of the canonical interpolation, we achieve the
optimal error estimates of the Hm-nonconforming virtual element methods.
The rest of this paper is organized as follows. Some notations and mesh condi-
tions are shown in Section 2. The generalized Green’s identity and the fully Hm-
nonconforming virtual element are presented in Section 3. In Section 4, we propose
the Hm-nonconforming virtual element method, and prove the norm equivalence
and the weak continuity. Finally we develop the optimal error analysis for the
Hm-nonconforming virtual element methods in Section 5.
2. Preliminaries
2.1. Notations. In this paper we will adopt the same notations as in [11]. Let
Ω ⊂ Rn (n ≥ 1) be a bounded polytope. For any nonnegative integer r and
1 ≤ ` ≤ n, notation T`(r) := (R`)r =
∏r
j=1R` stands for the set of r-tensor spaces
over R`. Given a bounded domain G ⊂ Rn with n ∈ N and a non-negative integer
k, let Hk(G;T`(r)) be the usual Sobolev space of functions over G taking values
in the tensor space T`(r), whose norm and semi-norm are denoted by ‖ · ‖k,G and
| · |k,G respectively. Set Hk(G) := Hk(G;T`(0)). Define Hk0 (G) as the closure of
C∞0 (G) with respect to the norm ‖ · ‖k,G, and define H10 (G;T`(r)) in a similar way.
Let (·, ·)G be the standard inner product on L2(G;T`(r)). If G is Ω, we abbreviate
‖ · ‖k,G, | · |k,G and (·, ·)G by ‖ · ‖k, | · |k and (·, ·), respectively. Let Pk(G) be the
set of all polynomials over G with the total degree no more than k, whose tensorial
version space is denoted by Pk(G;T`(r)). Let Pk(G) := {0} if k < 0. For any
nonnegative integers j < k, set
P⊥k,j(G) := {v ∈ Pk(G) : (v, q)G = 0 ∀ q ∈ Pj(G)},
i.e., P⊥k,j(G) ⊂ Pk(G) is the orthogonal complement space of Pj(G) of Pk(G) with
respect to the inner product (·, ·)G. Let QGk be the L2-orthogonal projection onto
Pk(G;T`(r)). For any F ⊂ ∂G, denote by νG,F the unit outward normal to ∂G.
Without causing any confusion, we will abbreviate νG,F as ν for simplicity.
For an n dimensional multi-index α = (α1, · · · , αn) with αi ∈ Z+ ∪ {0}, define
|α| := ∑ni=1 αi. For 0 ≤ j ≤ n, let Aj be the set consisting of all multi-indexes α
with
∑n
i=j+1 αi = 0, i.e., non-zero index only exists for 1 ≤ i ≤ j. For any non-
negative integer `, define the scaled monomial M`(G) on a j-dimensional domain
G
M`(G) :=
{(x− xG
hG
)α
, α ∈ Aj , |α| ≤ `
}
,
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where hG is the diameter of G and xG is the centroid of G. And M`(G) := ∅
if ` < 0. For ease of presentation, let NG,` := #M`(G), and all the functions in
M`(G) be {ϕG,i}NG,`i=1 .
Given r-tensors τ, ς ∈ T`(r) and a vector v ∈ R`, define the scalar product
τ : ς ∈ R and the dot product τ · v ∈ T`(r − 1) by (cf. [20])
τ : ς :=
∑
(j1,··· ,jr)∈{1,··· ,`}r
τj1,··· ,jr ςj1,··· ,jr ,
(τ · v)j1,··· ,jr−1 :=
∑`
i=1
τj1,··· ,jr−1,ivi ∀ (j1, · · · , jr−1) ∈ {1, · · · , `}r−1,
which will be abbreviated as τv.
Let {Th} be a family of partitions of Ω into nonoverlapping simple polytopal
elements with h := maxK∈Th hK . Let Frh be the set of all (n− r)-dimensional faces
of the partition Th for r = 1, 2, · · · , n, and its boundary part
Fr,∂h := {F ∈ Frh : F ⊂ ∂Ω},
and interior part Fr,ih := Frh\Fr,∂h . For simplicity, let F0h := Th. Moreover, we set
for each K ∈ Th
Fr(K) := {F ∈ Frh : F ⊂ ∂K}.
The supscript r in Frh represents the co-dimension of an (n − r)-dimensional face
F . Similarly, we define
F j(F ) := {e ∈ Fr+jh : e ⊂ F}.
Here j is the co-dimension relative to the face F . For any (n− 2)-dimensional face
e ∈ F2h, denote
∂−1e := {F ∈ F1h : e ⊂ ∂F}.
Similarly for any (n− 1)-dimensional face F ∈ F1h, let
∂−1F := {K ∈ Th : F ∈ F1(K)}.
For any F ∈ Frh with 1 ≤ r ≤ n − 1, let νF,1, · · · , νF,r be its mutually perpen-
dicular unit normal vectors, and define the surface gradient on F as
(2.1) ∇F v := ∇v −
r∑
i=1
∂v
∂νF,i
νF,i,
namely the projection of ∇v to the face F , which is independent of the choice of
the normal vectors. And denote by divF the corresponding surface divergence. For
any δ ∈ Fnh and i = 1, · · · , n, let νδ,i := (0, · · · , 0, 1, 0, · · · , 0)ᵀ be the n-tuple with
all components equal to 0, except the ith, which is 1. For any F ∈ Frh and α ∈ Ar
for r = 1, · · · , n, set
∂|α|v
∂ναF
:=
∂|α|v
∂να1F,1 · · · ∂ναrF,r
.
For non-negative integers m and k, let
Hm(Th) := {v ∈ L2(Ω) : v|K ∈ Hm(K) for each K ∈ Th},
Pk(Th) := {v ∈ L2(Ω) : v|K ∈ Pk(K) for each K ∈ Th}.
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For a function v ∈ Hm(Th), equip the usual broken Hm-type norm and semi-norm
‖v‖m,h :=
( ∑
K∈Th
‖v‖2m,K
)1/2
, |v|m,h :=
( ∑
K∈Th
|v|2m,K
)1/2
.
For any K ∈ Th, δ ∈ Fn(K), and any function v defined on K, we will rewrite
v(xδ) as v(δ) for simplicity.
We introduce jumps on (n−1)-dimensional faces. Consider two adjacent elements
K+ and K− sharing an interior (n− 1)-dimensional face F . Denote by ν+ and ν−
the unit outward normals to the common face F of the elements K+ and K−,
respectively. For a scalar-valued or tensor-valued function v, write v+ := v|K+ and
v− := v|K− . Then define the jump on F as follows:JvK := v+νF,1 · ν+ + v−νF,1 · ν−.
On a face F lying on the boundary ∂Ω, the above term is defined byJvK := vνF,1 · ν.
2.2. Mesh conditions. We impose the following conditions on the mesh Th.
(A1) Each element K ∈ Th and each face F ∈ Frh for 1 ≤ r ≤ n−1 is star-shaped
with a uniformly bounded chunkiness parameter.
(A2) There exists a quasi-uniform simplicial mesh T ∗h such that each K ∈ Th is
a union of some simplexes in T ∗h .
Throughout this paper, we also use “. · · · ” to mean that “≤ C · · · ”, where C
is a generic positive constant independent of mesh size h, but may depend on the
chunkiness parameter of the polytope, the degree of polynomials k, the order of
differentiation m, the dimension of space n, and the shape regularity and quasi-
uniform constants of the virtual triangulation T ∗h , which may take different values
at different appearances. And A h B means A . B and B . A. Hereafter, we
always assume k ≥ m.
Note that (A1) and (A2) imply diam(F ) h diam(K) for all F ∈ Fr(K), 1 ≤ r ≤
n− 1. For a star-shaped domain D, the following trace inequality of H1(D) holds
[8, (2.18)]
(2.2) ‖v‖20,∂D . h−1D ‖v‖20,D + hD|v|21,D ∀ v ∈ H1(D).
When D ⊂ R, the notation ‖v‖0,∂D means ‖v‖L∞(∂D).
3. Hm-Nonconforming Virtual Element with m > n
In this section, we will construct the Hm-nonconforming virtual element with
integer m > n ≥ 1. For any scalar or tensor-valued smooth function v, nonnegative
integer j, F ∈ Frh with 1 ≤ r ≤ n, and α ∈ Ar, we use DjF,α(v) to denote some j-th
order derivative of v restrict on F , which may take different expressions at different
appearances.
For n = 1 and any e ∈ Th, applying the integration by parts in one dimension,
we have for any u ∈ H2m(e) and v ∈ Hm(e)
(
u(m), v(m)
)
e
= (−1)m(u(2m), v)
e
+
∑
δ∈F1(e)
m−1∑
i=0
(−1)iu(2m−1−i)(δ)v(i)(δ)νe,δ.
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This is just the Green’s identity in one dimension. Here v(i) means the i-th order
derivative of v, and
νe,δ =
{
1, if δ is the right end point of e,
−1, if δ is the left end point of e.
3.1. Generalized Green’s identity in two dimensions. Then consider the gen-
eralized Green’s identity in two dimensions in this subsection, i.e. n = 2.
For each e ∈ F1h, denote by te the unit tangent vector, which will be also rep-
resented by νe,2 for ease of presentation. Let S` be the set of all permutations of
(1, 2, · · · , `) for each positive integer `. For i = 0, 1, · · · , `, define a set
S(`, i) := {(j1, · · · , j`) : there exists σ ∈ S` such that
jσ(1) = · · · = jσ(i) = 1, jσ(i+1) = · · · = jσ(`) = 2}.
Apparently
S(`, 0) = {(2, · · · , 2)}, S(`, `) = {(1, · · · , 1)}.
For 0 ≤ i ≤ ` ≤ r, any τ ∈ T2(r) and σ = (j1, · · · , j`) ∈ S(`, i), define τνσe ∈
T2(r − `) as
τνσe := τνe,j1 · · · νe,j` .
We also use τνσe to mean τ when ` = 0 for ease of presentation.
Lemma 3.1. Let K ∈ Th, e ∈ F1(K) and s be a positive integer. It holds for any
τ ∈ Hs(e;T2(s)) and (∇sv)|e ∈ L2(e;T2(s))
(τ,∇sv)e =
s∑
j=0
∑
σ∈S(s,j)
(−1)s−j
(
∂s−j(τνσe )
∂ts−je
,
∂jv
∂νje,1
)
e
+
s−1∑
j=0
j∑
`=0
∑
σ∈S(s,`)
∑
δ∈∂e
νe,δ(−1)s−1−j ∂
s−1−j(τνσe )
∂ts−1−je
(δ)
∂jv
∂tj−`e ∂ν`e,1
(δ).
Proof. It follows from the integration by parts
(τ,∇sv)e =
(
τ,
(
νe,1
∂
∂νe,1
+ te
∂
∂te
)s
v
)
e
=
s∑
`=0
∑
σ∈S(s,`)
(
τνσe ,
∂sv
∂ts−`e ∂ν`e,1
)
e
=
∑
σ∈S(s,s)
(
τνσe ,
∂sv
∂νse,1
)
e
−
s−1∑
`=0
∑
σ∈S(s,`)
(
∂(τνσe )
∂te
,
∂s−1v
∂ts−1−`e ∂ν`e,1
)
e
+
s−1∑
`=0
∑
σ∈S(s,`)
∑
δ∈∂e
νe,δ(τν
σ
e )(δ)
∂s−1v
∂ts−1−`e ∂ν`e,1
(δ).
Hm-NONCONFORMING VEM WITH m > n 7
Applying the integration by parts to the second term of the right hand side, we get
(τ,∇sv)e =
s∑
j=s−2
∑
σ∈S(s,j)
(−1)s−j
(
∂s−j(τνσe )
∂ts−je
,
∂jv
∂νje,1
)
e
+
s−3∑
`=0
∑
σ∈S(s,`)
(
∂2(τνσe )
∂t2e
,
∂s−2v
∂ts−2−`e ∂ν`e,1
)
e
+
s−1∑
j=s−2
j∑
`=0
∑
σ∈S(s,`)
∑
δ∈∂e
νe,δ(−1)s−1−j ∂
s−1−j(τνσe )
∂ts−1−je
(δ)
∂jv
∂tj−`e ∂ν`e,1
(δ).
Along this way, we can finish the proof by applying the integration by parts recur-
sively. 
Lemma 3.2. Let K ∈ Th and integer s ≥ n = 2. There exist differential operators
D
s−1−|α|
e,α for e ∈ F1(K) and α ∈ A1 with |α| ≤ s− 1, and Ds−2−|α|δ,α for δ ∈ F2(K)
and α ∈ A2 with |α| ≤ s − 2 such that for any τ ∈ Hs(K;T2(s)) and v ∈ Hs(K),
it holds
(τ,∇sv)K = ((−div)sτ, v)K +
∑
e∈F1(K)
∑
α∈A1
|α|≤s−1
(
Ds−1−|α|e,α (τ),
∂|α|v
∂ναe
)
e
+
∑
δ∈F2(K)
∑
α∈A2
|α|≤s−2
D
s−2−|α|
δ,α (τ)
∂|α|v
∂ναδ
(δ).(3.1)
Proof. Due to the integration by parts, we get
(τ,∇sv)K = −(div τ,∇s−1v)K +
∑
e∈F1(K)
(τνK,e,∇s−1v)e
= ((−div)sτ, v)K +
∑
e∈F1(K)
s−1∑
i=0
(−1)s−1−i ((divs−1−i τ)νK,e,∇iv)e .(3.2)
Then it follows from Lemma 3.1
(τ,∇sv)K − ((−div)sτ, v)K
=
∑
e∈F1(K)
s−1∑
i=1
i−1∑
j=0
j∑
`=0
∑
σ∈S(i,`)
∑
δ∈∂e
Ds−2−jδ,σ (τ)
∂jv
∂tj−`e ∂ν`e,1
(δ)
+
∑
e∈F1(K)
s−1∑
i=0
i∑
j=0
∑
σ∈S(i,j)
(
Ds−1−je,σ (τ),
∂jv
∂νje,1
)
e
=
∑
e∈F1(K)
s−2∑
j=0
s−1∑
i=j+1
j∑
`=0
∑
σ∈S(i,`)
∑
δ∈∂e
Ds−2−jδ,σ (τ)
∂jv
∂tj−`e ∂ν`e,1
(δ)
+
∑
e∈F1(K)
s−1∑
j=0
s−1∑
i=j
∑
σ∈S(i,j)
(
Ds−1−je,σ (τ),
∂jv
∂νje,1
)
e
,
where
Ds−2−jδ,σ (τ) = (−1)s−2−j
∂i−1−j((divs−1−i τ)νK,eνσe )
∂ti−1−je
(δ)νe,δ,
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Ds−1−je,σ (τ) = (−1)s−1−j
∂i−j((divs−1−i τ)νK,eνσe )
∂ti−je
.
This indicates (3.1). 
As an immediate result of (3.1), we achieve the generalized Green’s identity in
two dimensions as follows.
Lemma 3.3. Let K ∈ Th and integer m > n = 2. There exist differential operators
D
2m−1−|α|
e,α for e ∈ F1(K) and α ∈ A1 with |α| ≤ m − 1, and D2m−2−|α|δ,α for
δ ∈ F2(K) and α ∈ A2 with |α| ≤ m − 2 such that for any u ∈ H2m(K) and
v ∈ Hm(K), it holds
(∇mu,∇mv)K = ((−∆)mu, v)K +
∑
e∈F1(K)
∑
α∈A1
|α|≤m−1
(
D2m−1−|α|e,α (u),
∂|α|v
∂ναe
)
e
+
∑
δ∈F2(K)
∑
α∈A2
|α|≤m−2
D
2m−2−|α|
δ,α (u)
∂|α|v
∂ναδ
(δ).(3.3)
3.2. Generalized Green’s identity in n dimensions. Now we extend Lemma 3.1
and Lemma 3.3 to any dimension.
Lemma 3.4. Let K ∈ Th, F ∈ Fr(K) with 1 ≤ r ≤ n − 1, and positive integer
s ≥ n − r. There exist differential operators Ds−j−|α|e,α for j = 0, · · · , n − r − 1,
e ∈ Fj(F ) and α ∈ Ar+j with |α| ≤ s − j, and differential operators Ds+r−n−|α|δ,α
for δ ∈ Fn−r(F ) and α ∈ An with |α| ≤ s+r−n such that for any τ ∈ Hs(F ;Tn(s))
and (∇sv)|F ∈ L2(F ;Tn(s)), it holds
(τ,∇sv)F =
n−r−1∑
j=0
∑
e∈Fj(F )
∑
α∈Ar+j
|α|≤s−j
(
Ds−j−|α|e,α (τ),
∂|α|v
∂ναe
)
e
+
∑
δ∈Fn−r(F )
∑
α∈An
|α|≤s+r−n
D
s+r−n−|α|
δ,α (τ)
∂|α|v
∂ναδ
(δ).(3.4)
Proof. The identity (3.4) has been proved for s = n − r in [11]. Assume the
identity (3.4) holds for s = ` with integer ` ≥ n− r, then let us prove it is also true
for s = ` + 1. Recall the recurrence relation derived in the proof of Lemma 3.1 in
[11]
(τ,∇`+1v)F =
r∑
i=1
(τνF,i,∇` ∂v
∂νF,i
)F − (divF τ,∇`v)F +
∑
e∈F1(F )
(τνF,e,∇`v)e.
Applying (3.4) with s = ` to each term in the right hand side of the last equation,
we have
(τνF,i,∇` ∂v
∂νF,i
)F =
n−r−1∑
j=0
∑
e∈Fj(F )
∑
α∈Ar+j
|α|≤`−j
(
D`−j−|α|e,α (τνF,i),
∂|α|
∂ναe
( ∂v
∂νF,i
))
e
+
∑
δ∈Fn−r(F )
∑
α∈An
|α|≤`+r−n
D
`+r−n−|α|
δ,α (τνF,i)
∂|α|
∂ναδ
( ∂v
∂νF,i
)
(δ),
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(divF τ,∇`v)F =
n−r−1∑
j=0
∑
e∈Fj(F )
∑
α∈Ar+j
|α|≤`−j
(
D`−j−|α|e,α (divF τ),
∂|α|v
∂ναe
)
e
+
∑
δ∈Fn−r(F )
∑
α∈An
|α|≤`+r−n
D
`+r−n−|α|
δ,α (divF τ)
∂|α|v
∂ναδ
(δ),
(τνF,e,∇`v)e =
n−r−2∑
j=0
∑
e˜∈Fj(e)
∑
α∈Ar+1+j
|α|≤`−j
(
D
`−j−|α|
e˜,α (τνF,e),
∂|α|v
∂ναe˜
)
e˜
+
∑
δ∈Fn−r−1(e)
∑
α∈An
|α|≤`+r+1−n
D
`+r+1−n−|α|
δ,α (τνF,e)
∂|α|v
∂ναδ
(δ).
Hence we conclude (3.4) for s = ` + 1 by combining the last fourth equations.
Finally we ends the proof based on the mathematical induction. 
Lemma 3.5. Let K ∈ Th, and positive integer m > n. There exist differential
operators D
2m−j−|α|
F,α for j = 1, · · · , n−1, F ∈ Fj(K) and α ∈ Aj with |α| ≤ m−j,
and differential operators D
2m−n−|α|
δ,α for δ ∈ Fn(K) and α ∈ An with |α| ≤ m− n
such that for any u ∈ H2m(K) and v ∈ Hm(K), it holds
(∇mu,∇mv)K = ((−∆)mu, v)K +
n−1∑
j=1
∑
F∈Fj(K)
∑
α∈Aj
|α|≤m−j
(
D
2m−j−|α|
F,α (u),
∂|α|v
∂ναF
)
F
+
∑
δ∈Fn(K)
∑
α∈An
|α|≤m−n
D
2m−n−|α|
δ,α (u)
∂|α|v
∂ναδ
(δ).(3.5)
Proof. It is sufficient to prove that there exist differential operators D
m−j−|α|
F,α for
j = 1, · · · , n − 1, F ∈ F j(K) and α ∈ Aj with |α| ≤ m − j, and differential
operators D
m−n−|α|
δ,α for δ ∈ Fn(K) and α ∈ An with |α| ≤ m−n such that for any
τ ∈ Hm(K;Tn(m)) and v ∈ Hm(K), it holds
(τ,∇mv)K = ((−div)mτ, v)K +
n−1∑
j=1
∑
F∈Fj(K)
∑
α∈Aj
|α|≤m−j
(
D
m−j−|α|
F,α (τ),
∂|α|v
∂ναF
)
F
+
∑
δ∈Fn(K)
∑
α∈An
|α|≤m−n
D
m−n−|α|
δ,α (τ)
∂|α|v
∂ναδ
(δ).(3.6)
As (3.2), we get from the integration by parts
(τ,∇mv)K = ((− div)mτ, v)K +
∑
F∈F1(K)
m∑
j=1
(
((−div)j−1τ)νK,F ,∇m−jv
)
F
.
Therefore (3.6) follows from (3.1) in [11] and (3.4). 
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3.3. Virtual element space. Inspired by identity (3.5), for any element K ∈ Th
and integer k ≥ m, the local degrees of freedom Nk(K) are given as follows:
hjK(∇jv)(δ) ∀ δ ∈ Fn(K), j = 0, 1, · · · ,m− n,(3.7)
1
|F |(n−j−|α|)/(n−j) (
∂|α|v
∂ναF
, q)F ∀ q ∈Mk−(2m−j−|α|)(F ), F ∈ Fj(K),(3.8)
j = 1, · · · , n− 1, α ∈ Aj with |α| ≤ m− j,
1
|K| (v, q)K ∀ q ∈Mk−2m(K).(3.9)
We will use χF,αj,i to denote the degrees of freedom (3.8) for simplicity, where i =
1, · · · , NF,k−(2m−j−|α|).
According to the first terms in the inner products of the right hand side of (3.5),
and the degrees of freedom (3.8)-(3.9), it is inherent to define the local space of the
Hm-nonconforming virtual element as
Vk(K) := {u ∈ Hm(K) :(−∆)mu ∈ Pk−2m(K),
D
2m−j−|α|
F,α (u)|F ∈ Pk−(2m−j−|α|)(F ) ∀ F ∈ Fj(K),
j = 1, · · · , n− 1, α ∈ Aj and |α| ≤ m− j}.
Combining Lemma 3.1 in [11], (3.4) and the definition of the degrees of free-
dom (3.8) yields the following property.
Lemma 3.6. Let K ∈ Th, F ∈ Fr(K) with 1 ≤ r ≤ n − 1, s = n − r, · · · ,m − r
satisfying k ≥ 2m − (r + s). For any τ ∈ Pk−(2m−r−s)(F ;Tn(s)) and (∇sv)|F ∈
L2(F ;Tn(s)), the term
(τ,∇sv)F
is uniquely determined by the degrees of freedom (3.8) for all nonnegative integer
j ≤ n− r− 1, e ∈ Fj(F ), α ∈ Ar+j with |α| ≤ s− j, and (3.7) for all δ ∈ Fn−r(F )
and nonnegative integer j ≤ s+ r − n. When s < n− r, the term
(τ,∇sv)F
is uniquely determined by the degrees of freedom (3.8) for all nonnegative integer
j ≤ s, e ∈ Fj(F ), α ∈ Ar+j with |α| ≤ s− j.
Employing the same argument as in the proof of Lemma 3.5 in [11], we get
from the generalized Green’s identity (3.5) and Lemma 3.6 that the degrees of
freedom (3.7)-(3.9) are unisolvent for the local virtual element space Vk(K).
Remark 3.7. When n = 1, for any element e ∈ Th and integer k ≥ m, the local
degrees of freedom (3.7)-(3.9) will be reduced to
v(j)(δ) ∀ δ ∈ F1(e), j = 0, 1, · · · ,m− 1,
1
|e| (v, q)e ∀ q ∈Mk−2m(e).
And the shape function space will be
Vk(e) =
{
v ∈ Hm(e) : v(2m) ∈ Pk−2m(e)
}
=
{
Pk(e), k ≥ 2m,
P2m−1(e), k < 2m.
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Thus the Hm-nonconforming virtual element of order k in one dimension is ex-
actly the Cm−1-continuous finite element, whose shape functions are polynomials
of degree max{k, 2m− 1}.
Remark 3.8. When n = 2, for any element K ∈ Th and integer k < 2m, the local
degrees of freedom (3.7)-(3.9) will be reduced to
hjK(∇jv)(δ) ∀ δ ∈ F2(K), j = 0, 1, · · · ,m− 2,(3.10)
|e|j−1( ∂
jv
∂νje,1
, q)e ∀ q ∈Mj+1−(2m−k)(e), e ∈ F1(K), j = 0, 1, · · · ,m− 1.(3.11)
And the shape function space will be
Vk(K) =
{
v ∈ Hm(K) : (−∆)mv = 0, D2m−1−je,α (v)|e ∈ Pj+1−(2m−k)(e) for each
e ∈ F1(K), where α = (j, 0) with j = 0, 1, · · · ,m− 1}.
If each element K ∈ Th is a simplex and k = m > 2, the degrees of freedom
(3.10)-(3.11) are same as those mentioned in [17, page 268].
Hereafter we always assume n ≥ 2.
Remark 3.9. When k = m, the local degrees of freedom (3.7)-(3.9) will be reduced
as follows:
(∇jv)(δ) ∀ δ ∈ Fn(K), j = 0, 1, · · · ,m− n,(3.12)
(
∂|α|v
∂ναF
, 1)F ∀ F ∈ Fj(K), j = 1, · · · , n− 1, α ∈ Aj , |α| = m− j.(3.13)
If each element K ∈ Th is a simplex and k = m = n + 1, the degrees of freedom
(3.12)-(3.13) coincide with those of the nonconforming finite element in [26].
3.4. Local projections. To design the virtual element method, we first need a
local Hm projection. We define a local Hm projection ΠKk : H
m(K) → Pk(K) for
each K ∈ Th as follows: given v ∈ Hm(K), let ΠKk v ∈ Pk(K) be the solution of the
problem
(∇mΠKk v,∇mq)K = (∇mv,∇mq)K ∀ q ∈ Pk(K),(3.14) ∑
F∈Fr(K)
QF0 (∇m−rΠKk v) =
∑
F∈Fr(K)
QF0 (∇m−rv), r = 1, · · · , n− 1,(3.15) ∑
δ∈Fn(K)
(∇jΠKk v)(δ) =
∑
δ∈Fn(K)
(∇jv)(δ), j = 0, 1, · · · ,m− n.(3.16)
The number of equations in (3.15)-(3.16) is
m∑
r=1
Cn−1n+m−1−r = C
n
n+m−1 = dim(Pm−1(K)).
Without causing any confusion, we will write ΠKk as Π
K for simplicity. By the
similar argument as in Section 3.3 in [11], we have the following results on ΠK from
the generalized Green’s identity (3.5) and Lemma 3.6.
Lemma 3.10. The operator ΠK : Hm(K) → Pk(K) is an Hm-stable projector,
i.e.
(3.17) ΠKq = q ∀ q ∈ Pk(K),
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(3.18) |ΠKv|m,K ≤ |v|m,K ∀ v ∈ Hm(K).
And the projector ΠK can be computed using only the degrees of freedom (3.7)-(3.9).
Denote by IK : H
m(K)→ Vk(K) the canonical interpolation operator based on
the degrees of freedom in (3.7)-(3.9). Due to the last statement in Lemma 3.10, we
have
(3.19) ΠKv = ΠK(IKv) ∀ v ∈ Hm(K).
3.5. Serendipity virtual element. Following the ideas in [5, 19, 4], we will give
a short discussion on the reduction of the virtual element (K,Nk(K), Vk(K)) by
the Serendipity approach in this subsection.
For ease of presentation, all the degrees of freedom (3.7)-(3.9) are denoted by
χ1, χ2, · · · , χNK in order, where NK is the dimension of Vk(K). Let a positive
integer Ns be less than or equal to NK . Take the first Ns of the degrees of free-
dom (3.7)-(3.9): χ1, χ2, · · · , χNs . Assume
(S1) the degrees of freedom χ1, χ2, · · · , χNs contain all the ones (3.7)-(3.8), and
the moments (3.9) up to a certain degree ks ≤ k − 2m;
(S2) for any q ∈ Pk(K) satisfying χ1(q) = χ2(q) = · · · = χNs(q) = 0, it holds q = 0.
Let
Vk,k(K) := {v ∈ Hm(K) : (−∆)mv ∈ Pk(K), D2m−j−|α|F,α (v)|F ∈ Pk−(2m−j−|α|)(F ),
∀ F ∈ Fj(K), j = 1, · · · , n− 1, α ∈ Aj and |α| ≤ m− j}.
Define an operator Πsk : Vk,k(K)→ Pk(K) for each K ∈ Th as
Ns∑
i=1
χi(Π
s
kv)χi(q) =
Ns∑
i=1
χi(v)χi(q) ∀ v ∈ Vk(K), q ∈ Pk(K).
The assumption (S2) ensures the well-posedness of the operator Πsk, and
(3.20) Πskq = q ∀ q ∈ Pk(K).
Define the Serendipity shape function space
V sk (K) := {v ∈ Vk,k(K) : (v −Πskv, q)K = 0 ∀ q ∈ P⊥k,ks(K)}.
Due to (3.20), it holds Pk(K) ⊂ V sk (K). Let N sk (K) := {χ1, χ2, · · · , χNs}, then we
obtain the Serendipity virtual element (K,N sk (K), V sk (K)). As the space Wk(K),
the L2 projection QKk of any function in V
s
k (K) is computable based on the degrees
of freedom N sk (K), that is
QKk v = Q
K
ksv +Q
K
k Π
s
kv −QKksΠskv ∀ v ∈ V sk (K).
With a suitable choice of the degrees of freedom N sk (K), the virtual element
(K,N sk (K), V sk (K)) may reduce to anHm-nonconforming finite element, i.e. V sk (K) =
Pk(K). We point out that it is not easy to verify the assumption (S2). However, it
gives a hint to construct the Hm-nonconforming finite element for k ≥ 2m.
4. Discrete Method
We will present the Hm-nonconforming virtual element method for the polyhar-
monic equation based on the virtual element (K,Nk(K), Vk(K)) in this section.
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4.1. Discretization. Consider the polyharmonic equation with homogeneous Dirich-
let boundary condition
(4.1)
{
(−∆)mu = f in Ω,
u = ∂u∂ν = · · · = ∂
m−1u
∂νm−1 = 0 on ∂Ω,
where f ∈ L2(Ω) and Ω ⊂ Rn with m > n ≥ 2. The variational formulation of the
polyharmonic equation (4.1) is to find u ∈ Hm0 (Ω) such that
(∇mu,∇mv) = (f, v) ∀ v ∈ Hm0 (Ω).
Let the global Hm-nonconforming virtual element space be
Vh := {vh ∈ L2(Ω) :vh|K ∈ Vk(K) for each K ∈ Th; all the degrees of
freedom (3.7)-(3.8) are continuous across each F ∈ Fr,ih ,
and vanish on each F ∈ Fr,∂h for r = 1, · · · , n}.
To introduce the bilinear form, let the stabilization
SK(w, v) :=h
n−2m
K
n−1∑
j=1
∑
F∈Fj(K)
∑
α∈Aj
|α|≤m−j
NF,k−(2m−j−|α|)∑
i=1
χF,αj,i (w)χ
F,α
j,i (v)
+ hn−2mK
∑
δ∈Fn(K)
m−n∑
j=0
h2jK (∇jw)(δ) : (∇jv)(δ).
Define the local bilinear form ah,K(·, ·) : Vk(K)× Vk(K)→ R as
ah,K(w, v) := (∇mΠKw,∇mΠKv)K + SK(w −ΠKw, v −ΠKv),
and the global bilinear form ah(·, ·) : Vh × Vh → R as
ah(wh, vh) :=
∑
K∈Th
ah,K(wh, vh).
To present the right hand side, for any nonnegative integer `, denote by Qlh the
L2-orthogonal projection onto Pl(Th). Define Πh : Hm(Th) → Pk(Th) as follows:
given v ∈ Hm(Th),
(Πhv)|K := ΠK(v|K) ∀ K ∈ Th.
Then the right hand side is given by
〈f, vh〉 :=

(f,Πhvh), m ≤ k ≤ 2m− 1,
(f,Qm−1h Πhvh +Q
k−2m
h (vh −Πhvh)), 2m ≤ k ≤ 3m− 2,
(f,Qk−2mh vh), 3m− 1 ≤ k.
Notice that when 2m ≤ k ≤ 3m− 2, it holds
(4.2) (Qm−1h Πhvh +Q
k−2m
h (vh −Πhvh), q) = (vh, q) ∀ q ∈ Pk−2m(Th).
Combining previous components leads to the Hm-nonconforming virtual element
method for the polyharmonic equation (4.1) in any dimension: find uh ∈ Vh such
that
(4.3) ah(uh, vh) = 〈f, vh〉 ∀ vh ∈ Vh.
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Remark 4.1. The virtual element method (4.3) is completely determined by the
degrees of freedom Nk(K), i.e. (3.7)-(3.9). The space of shape functions Vk(K) is
not necessary in the definition and thus the implementation of the virtual element
method (4.3). Introducing Vk(K) is merely for the purpose of analysis, thus the
space of shape functions Vk(K) is virtual.
Remark 4.2. Differently from [11], the global virtual element space Vh in this
paper is defined directly from VK rather than some modification of VK , since indeed
we do not need the computable L2-projection Qm−1h vh for any vh ∈ Vh.
4.2. Inverse inequality and Poincare´ inequality. For any K ∈ Th, let BK
be the maximal ball with respect to which K is star-shaped, and Ks ⊂ Rn be
the regular inscribed simplex of BK , where all the edges of Ks share the common
length.
Lemma 4.3. Assume the mesh Th satisfies condition (A1) and K ∈ Th. It holds
for any nonnegative integer `
(4.4) ‖q‖0,K h ‖q‖0,Ks ∀ q ∈ P`(K).
Proof. Taking any x ∈ K, let
v(t) := q(xKs + t(x− xKs)) ∀ t ∈ [0, 1].
Then v(t) is a polynomial of degree ` on the interval [0, 1]. By the Taylor’s theorem,
it follows
q(x) = v(1) =
∑`
i=0
v(i)(0)
i!
.
Since v(i)(0) = ∇iq(xKs)(x−xKs , · · · ,x−xKs), we get from the inverse inequality
of polynomials on Ks
|v(i)(0)| . hiK‖∇iq‖L∞(Ks) . ‖q‖L∞(Ks) . h−n/2Ks ‖q‖0,Ks .
Thus we have
|q(x)| . h−n/2Ks ‖q‖0,Ks ∀ x ∈ K,
which implies
‖q‖0,K . hn/2K ‖q‖L∞(K) . ‖q‖0,Ks .
The another side of (4.4) is clear. 
Lemma 4.4. Assume the mesh Th satisfies condition (A1) and K ∈ Th. It holds
for any nonnegative integers ` and i
(4.5) ‖q‖0,K . h−iK ‖q‖−i,K ∀ q ∈ P`(K).
Proof. Applying (4.4) and the inverse inequality of polynomials on simplices, it
follows
‖q‖0,K . ‖q‖0,Ks . h−iK ‖q‖−i,Ks ,
which yields (4.5). 
Applying the trace inequality (2.2) and the same argument used in the proof of
Lemma A.5 in [11], we get the Poincare´ inequality on the kernel of the local Hm
projection ΠK under the mesh conditions (A1)-(A2)
(4.6)
n∑
j=0
m−j∑
s=0
∑
F∈Fj(K)
h
s+j/2
K ‖∇sv‖0,F . hmK‖∇mv‖0,K ∀ v ∈ ker(ΠK), K ∈ Th,
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where ker(ΠK) := {v ∈ Hm(K) : ΠKv = 0}.
4.3. Norm equivalence.
Lemma 4.5. Assume the mesh Th satisfies conditions (A1) and (A2). For any
K ∈ Th, it holds
(4.7) SK(v, v) .
m∑
j=0
h
2(j−m)
K |v|2j,K ∀ v ∈ Vk(K),
(4.8) SK(v, v) . ‖∇mv‖20,K ∀ v ∈ Vk(K) ∩ ker(ΠK).
Proof. We get from the proof of Lemma A.6 in [11]
hn−2mK
n−1∑
j=1
∑
F∈Fj(K)
∑
α∈Aj
|α|≤m−j
NF,k−(2m−j−|α|)∑
i=1
(
χF,αj,i
)2
(v)
.
n−1∑
j=1
∑
F∈Fj(K)
∑
α∈Aj
|α|≤m−j
NF,k−(2m−j−|α|)∑
i=1
h
2|α|−2m+j
K ‖∇|α|v‖20,F .
Due to the trace inequality (2.2), it follows∑
δ∈Fn(K)
m−n∑
i=0
hn−2m+2iK |∇iv(δ)|2 .
∑
e∈Fn−1(K)
m−n∑
i=0
hn−2m+2i−1K ‖∇iv‖20,e
+
∑
e∈Fn−1(K)
m−n∑
i=0
hn−2m+2i+1K ‖∇i+1v‖20,e.
Then we have
SK(v, v) .
n−1∑
j=1
∑
F∈Fj(K)
m−j∑
i=0
h2i−2m+jK ‖∇iv‖20,F .
Hence we acquire (4.7) by applying the trace inequality (2.2) recursively. Finally
we conclude (4.8) from (4.7) and the Poincare´ inequality (4.6). 
We then consider another side of the norm equivalence. Take an element K ∈ Th.
Define a bubble function
bδ(x) :=
∏
δ′∈Fn(K)\{δ}
(xδ − xδ′)ᵀ(x− xδ′)
|xδ − xδ′ |2 ,
for each δ ∈ Fn(K). Apparently we have bδ(δ) = 1, and bδ(δ′) = 0 for each
δ′ ∈ Fn(K)\{δ}.
Lemma 4.6. Assume the mesh Th satisfies condition (A1). Take any F ∈ Fjh with
1 ≤ j < n. The following norm equivalence holds
(4.9) ‖q‖20,F h hn−jF
NF,k∑
i=1
q2i ∀ q :=
NF,k∑
i=1
qiϕF,i ∈ Pk(F ),
where qi ∈ R.
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Proof. Noticing that Fs is a simplex, it follows from (4.4), the scaling argument
and the norm equivalence of the finite-dimensional space
‖q‖20,F h ‖q‖20,Fs h hn−jFs
NF,k∑
i=1
q2i ,
which gives (4.9). 
Lemma 4.7. Assume the mesh Th satisfies conditions (A1) and (A2). Let K ∈ Th.
We have for any v ∈ Vk(K)
hmK‖(−∆)mv‖0,K +
∑
δ∈Fn(K)
∑
α∈An
|α|≤m−n
h
m−|α|−n/2
K |D2m−n−|α|δ,α (v)|
+
n−1∑
j=1
∑
F∈Fj(K)
∑
α∈Aj
|α|≤m−j
h
m−|α|−j/2
K ‖D2m−j−|α|F,α (v)‖0,F . ‖∇mv‖0,K .(4.10)
Proof. Adopting the same argument as in the proof of Lemmas A.1-A.2 in [11], we
get
n−1∑
j=1
∑
F∈Fj(K)
∑
α∈Aj
|α|≤m−j
h
m−|α|−j/2
K ‖D2m−j−|α|F,α (v)‖0,F
+hmK‖(−∆)mv‖0,K . ‖∇mv‖0,K .(4.11)
Now consider δ ∈ Fn(K) and α ∈ An with |α| ≤ m−n. Notice that D2m−n−|α|δ,α (v)
is a constant, which can be regarded as the constant function in Rn. Let
φδ(x) :=
1
α!
b2mδ D
2m−n−|α|
δ,α (v)
n∏
i=1
(νᵀδ,i(x− xδ))αi ,
where α! = α1! · · ·αn!, then we have
(4.12) ‖φδ‖0,K . h|α|+n/2K |D2m−n−|α|δ,α (v)|,
∂|α|φδ
∂ναδ
(δ) = (bδ(δ))
2mD
2m−n−|α|
δ,α (v) = D
2m−n−|α|
δ,α (v).
Hence
(4.13)
∣∣∣D2m−n−|α|δ,α (v)∣∣∣2 = D2m−n−|α|δ,α (v)∂|α|φδ∂ναδ (δ).
Noticing that bδ(δ
′) = 0 for all δ′ ∈ Fn(K)\{δ}, we have for each δ′ ∈ Fn(K)\{δ}
∂|β|φδ
∂νβδ′
(δ′) = 0 ∀ β ∈ An with |β| ≤ m− n.
For any β ∈ An, |β| < |α|, since ∂
|β|
∂νβδ
( n∏
i=1
(νᵀδ,i(x − xδ))αi
)
(δ) = 0, it yields
∂|β|φδ
∂νβδ
(δ) = 0. For any β ∈ An, |β| = |α|, but β 6= α, noting that
∂(νᵀδ,i(x− xδ))
∂νδ,`
=
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0 for i 6= `, we also have ∂
|β|φδ
∂νβδ
(δ) = 0. Based on the previous discussion, we obtain
from (4.13), the generalized Green’s identity (3.5) and the density argument∣∣∣D2m−n−|α|δ,α (v)∣∣∣2 = (∇mv,∇mφδ)K − ((−∆)mv, φδ)K
−
n−1∑
j=1
∑
F∈Fj(K)
∑
β∈Aj
|β|≤m−j
(
D
2m−j−|β|
F,β (v),
∂|β|φδ
∂νβF
)
F
−
∑
β∈An
|α|<|β|≤m−n
D
2m−n−|β|
δ,β (v)
∂|β|φδ
∂νβδ
(δ).
Employing the Cauchy-Schwarz inequality, the inverse inequality (4.5) and (4.4), it
follows ∣∣∣D2m−n−|α|δ,α (v)∣∣∣2
.h−mK ‖∇mv‖0,K‖φδ‖0,K + ‖(−∆)mv‖0,K‖φδ‖0,K
+
n−1∑
j=1
∑
F∈Fj(K)
∑
β∈Aj
|β|≤m−j
h
−|β|−j/2
K
∥∥∥D2m−j−|β|F,β (v)∥∥∥
0,F
‖φδ‖0,K
+
∑
β∈An
|α|<|β|≤m−n
h
−|β|−n/2
K
∣∣∣D2m−n−|β|δ,β (v)∣∣∣ ‖φδ‖0,K ,
which combined with (4.12) yields
h
m−|α|−n/2
K
∣∣∣D2m−n−|α|δ,α (v)∣∣∣ .‖∇mv‖0,K + hmK‖(−∆)mv‖0,K
+
n−1∑
j=1
∑
F∈Fj(K)
∑
β∈Aj
|β|≤m−j
h
m−|β|−j/2
K
∥∥∥D2m−j−|β|F,β (v)∥∥∥
0,F
+
∑
β∈An
|α|<|β|≤m−n
h
m−|β|−n/2
K
∣∣∣D2m−n−|β|δ,β (v)∣∣∣ .
Then we get from (4.11)
h
m−|α|−n/2
K
∣∣∣D2m−n−|α|δ,α (v)∣∣∣ . ‖∇mv‖0,K + ∑
β∈An
|α|<|β|≤m−n
h
m−|β|−n/2
K
∣∣∣D2m−n−|β|δ,β (v)∣∣∣ .
Finally applying this inequality recursively gives
h
m−|α|−n/2
K
∣∣∣D2m−n−|α|δ,α (v)∣∣∣ . ‖∇mv‖0,K ,
which together with (4.11) implies (4.10). 
Lemma 4.8. Assume the mesh Th satisfies condition (A1) and K ∈ Th. For any
q ∈ Pk−2m(K), there exists p ∈ Pk(K) satisfying
(−∆)mp = q, and ‖∇ip‖0,K . h2m−iK ‖q‖0,K
for any nonnegative integer i.
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Proof. Since ∆ : P`+2(Ks) → P`(Ks) is surjective for any nonnegative integer
`, the operator (−∆)m : Pk(Ks) → Pk−2m(Ks) is surjective. Thus the operator
(−∆)m : Pk(Ks)/ ker((−∆)m)→ Pk−2m(Ks) is an isomorphism. Then there exists
p ∈ Pk(Ks) such that
(4.14) (−∆)mp = q|Ks ,
and by the scaling argument,
‖p‖0,Ks . h2mK ‖q‖0,Ks .
Notice that p ∈ Pk(Ks) is spontaneously regarded as a polynomial in Pk(K). Ap-
plying the inverse inequality (4.5) and (4.4), we have
‖∇ip‖0,K . h−iK ‖p‖0,K . h−iK ‖p‖0,Ks . h2m−iK ‖q‖0,Ks ≤ h2m−iK ‖q‖0,K .
The identity (4.14) implies ((−∆)mp− q) |Ks = 0, which together with the fact
(−∆)mp− q ∈ Pk−2m(K) ends the proof. 
Lemma 4.9. Assume the mesh Th satisfies conditions (A1) and (A2). For any
K ∈ Th, it holds
(4.15) ‖∇mv‖20,K . SK(v, v) ∀ v ∈ Vk(K) ∩ ker(ΠK).
Proof. Employing Lemma 4.8, there exists p ∈ Pk(K) satisfying
(4.16) (−∆)mp = (−∆)mv,
(4.17) ‖∇mp‖0,K . hmK‖(−∆)mv‖0,K . ‖∇mv‖0,K ,
in which we have used (4.10). By the definition of ΠK , it follows
‖∇mv‖20,K = (∇mv,∇mv)K = (∇m(v − p),∇mv)K .
And exploiting the generalized Green’s identity (3.5) and (4.16), we have
‖∇mv‖20,K =
n−1∑
j=1
∑
F∈Fj(K)
∑
α∈Aj
|α|≤m−j
(
D
2m−j−|α|
F,α (v − p),
∂|α|v
∂ναF
)
F
+
∑
δ∈Fn(K)
∑
α∈An
|α|≤m−n
D
2m−n−|α|
δ,α (v − p)
∂|α|v
∂ναδ
(δ).(4.18)
Since v ∈ Vk(K), we have D2m−j−|α|F,α (v − p)|F ∈ Pk−(2m−j−|α|)(F ) for any F ∈
Fj(K). Then there exist constants ci, i = 1, · · · , NF,k−(2m−j−|α|) such that(
D
2m−j−|α|
F,α (v − p),
∂|α|v
∂ναF
)
F
= h
n−j−|α|
K
NF,k−(2m−j−|α|)∑
i=1
ciχ
F,α
j,i (v)
Applying the norm equivalence on the polynomial space Pk−(2m−j−|α|)(F ), cf. (4.9),
we get
‖D2m−j−|α|F,α (v − p)‖20,F h hn−jK
NF,k−(2m−j−|α|)∑
i=1
c2i .
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Hence it follows from (4.10) and (4.17)(
D
2m−j−|α|
F,α (v − p),
∂|α|v
∂ναF
)
F
.h(n−j)/2−|α|K ‖D2m−j−|α|F,α (v − p)‖0,F
√√√√NF,k−(2m−j−|α|)∑
i=1
(
χF,αj,i
)2
(v)
.‖∇m(v − p)‖0,K
√
SK(v, v) . ‖∇mv‖0,K
√
SK(v, v).
Applying (4.10) and (4.17) again, it holds for each δ ∈ Fn(K), and α ∈ An with
|α| ≤ m− n
D
2m−n−|α|
δ,α (v − p)
∂|α|v
∂ναδ
(δ) . ‖∇m(v − p)‖0,K
√
SK(v, v) . ‖∇mv‖0,K
√
SK(v, v).
Therefore we conclude (4.15) from (4.18) and the last two inequalities. 
At last, combining (4.8) and (4.15) gives the norm equivalence (4.19).
Theorem 4.10. Assume the mesh Th satisfies conditions (A1) and (A2). For any
K ∈ Th, the following norm equivalence holds
(4.19) SK(v, v) h ‖∇mv‖20,K ∀ v ∈ Vk(K) ∩ ker(ΠK),
where the constant is independent of hK , but may depend on the chunkiness param-
eter ρK , the degree of polynomials k, the order of differentiation m, the dimension
of space n, and the shape regularity and quasi-uniform constants of the virtual tri-
angulation T ∗h .
From now on, we always assume the mesh Th satisfies conditions (A1) and (A2).
By the Cauchy-Schwarz inequality and the norm equivalence (4.19), we have
(4.20) SK(w, v) . |w|m,K |v|m,K ∀ w, v ∈ Vk(K) ∩ ker(ΠK).
which implies the continuity of ah(·, ·)
(4.21) ah(wh, vh) . |wh|m,h|vh|m,h ∀ wh, vh ∈ Vh + Pk(Th).
Next we verify the coercivity of ah(·, ·).
Lemma 4.11. For any vh ∈ Vh + Pk(Th), it holds
(4.22) |vh|2m,h . ah(vh, vh).
Proof. Since ΠK is the Hm-orthogonal projection,
|vh|2m,K =
∣∣ΠK(vh|K)∣∣2m,K + ∣∣vh −ΠK(vh|K)∣∣2m,K .
Applying (4.19), we have
|vh|2m,K .
∣∣ΠK(vh|K)∣∣2m,K + SK(vh −ΠK(vh|K), vh −ΠK(vh|K))
= ah,K(vh, vh),(4.23)
which implies (4.22). 
Therefore the nonconforming virtual element method (4.3) is uniquely solvable
by the Lax-Milgram lemma.
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4.4. Weak continuity. Based on Lemma 3.6, for any F ∈ F1h, vh ∈ Vh, we have
the weak continuity
(4.24) (J∇shvhK, τ)F = 0 ∀ τ ∈ Pk−(2m−1−s)(F ;Tn(s))
for s = 0, 1, · · · ,m− 1, and
(4.25) Qe0(J∇shvhK|F ) = 0 ∀ e ∈ Fm−s−1(F )
for s = m−n, · · · ,m− 1, where ∇h is the elementwise gradient with respect to the
partition Th.
Recall the following error estimates of the L2 projection and the Bramble-Hilbert
Lemma (cf. [7, Lemma 4.3.8]).
Lemma 4.12. Let ` ≥ 0. For each F ∈ Frh with r = 0, 1, · · · , n−1, and e ∈ F1(F ),
we have for any v ∈ H`+1(F )
‖v −QF` v‖0,F . h`+1F |v|`+1,F ,(4.26)
‖v −Qe`v‖0,e . h`+1/2F |v|`+1,F .(4.27)
For each K ∈ Th ∪ T ∗h , there exists a linear operator TK` : L1(K) → P`(K) such
that for any v ∈ H`+1(K)
(4.28) ‖v − TK` v‖j,K . h`+1−jK |v|`+1,K for 0 ≤ j ≤ `+ 1.
Define Th : L
2(Ω)→ Pk(Th) as
(Thv)|K := TKk (v|K) ∀ K ∈ Th.
Lemma 4.13. Given F ∈ F1h and nonnegative integer s < m− n, it holds for any
vh ∈ Vh
(4.29)
n−2∑
j=0
∑
ej∈Fj(F )
h
j/2
F
∥∥J∇shvhK∥∥0,ej . n−2∑
j=0
∑
ej∈Fj(F )
h
j/2+m−n−s
F
∥∥J∇m−nh vhK∥∥0,ej .
Proof. For j = 1, · · · , n− 2, applying the trace inequality (2.2), it follows∑
ej∈Fj(F )
h
j/2
F
∥∥J∇shvhK−QF0 (J∇shvhK)∥∥0,ej
.
∑
ej−1∈Fj−1(F )
h
(j−1)/2
F
∥∥J∇shvhK−QF0 (J∇shvhK)∥∥0,ej−1
+
∑
ej−1∈Fj−1(F )
h
(j+1)/2
F
∥∥J∇s+1h vhK∥∥0,ej−1 .
Then employing this inequality recursively, we obtain∑
ej∈Fj(F )
h
j/2
F
∥∥J∇shvhK−QF0 (J∇shvhK)∥∥0,ej
.
∥∥J∇shvhK−QF0 (J∇shvhK)∥∥0,F + j−1∑
i=0
∑
ei∈Fi(F )
h
(i+2)/2
F
∥∥J∇s+1h vhK∥∥0,ei .
Hm-NONCONFORMING VEM WITH m > n 21
Hence we get from (4.26)
n−2∑
j=0
∑
ej∈Fj(F )
h
j/2
F
∥∥J∇shvhK−QF0 (J∇shvhK)∥∥0,ej
.
∥∥J∇shvhK−QF0 (J∇shvhK)∥∥0,F + n−3∑
i=0
∑
ei∈Fi(F )
h
(i+2)/2
F
∥∥J∇s+1h vhK∥∥0,ei
.
n−3∑
j=0
∑
ej∈Fj(F )
h
(j+2)/2
F
∥∥J∇s+1h vhK∥∥0,ej .(4.30)
Adopting the trace inequality (2.2), it follows from (4.30)∑
δ∈Fn−1(F )
h
(n−1)/2
F
∣∣J∇shvhK−QF0 (J∇shvhK)∣∣(δ)
.
∑
en−2∈Fn−2(F )
h
(n−2)/2
F
∥∥J∇shvhK−QF0 (J∇shvhK)∥∥0,en−2 + hn/2F ∥∥J∇s+1h vhK∥∥0,en−2
.
n−2∑
j=0
∑
ej∈Fj(F )
h
(j+2)/2
F
∥∥J∇s+1h vhK∥∥0,ej .
Take some δ ∈ Fn−1(F ). Due to the degrees of freedom (3.7), we have J∇shvhK(δ) =
0. Then for j = 0, 1, · · · , n− 2 and any ej ∈ Fj(F ), it follows from (4.26)
h
j/2
F
∥∥J∇shvhK∥∥0,ej = hj/2F ∥∥J∇shvhK− J∇shvhK(δ)∥∥0,ej
= h
j/2
F
∥∥J∇shvhK−QF0 (J∇shvhK)− (J∇shvhK−QF0 (J∇shvhK))(δ)∥∥0,ej
≤ hj/2F
∥∥J∇shvhK−QF0 (J∇shvhK)∥∥0,ej
+ h
(n−1)/2
F
∣∣J∇shvhK−QF0 (J∇shvhK)∣∣(δ).
Combining the last two inequalities and (4.30) yields
n−2∑
j=0
∑
ej∈Fj(F )
h
j/2
F
∥∥J∇shvhK∥∥0,ej . n−2∑
j=0
∑
ej∈Fj(F )
h
(j+2)/2
F
∥∥J∇s+1h vhK∥∥0,ej ,
which indicates (4.29). 
Lemma 4.14. For each F ∈ F1h and nonnegative integer s < m, it holds
(4.31)
∥∥J∇shvhK∥∥0,F . ∑
K∈∂−1F
h
m−s−1/2
K |vh|m,K ∀ vh ∈ Vh.
Proof. According to (4.25) and the proof of Lemmas 4.5-4.6 in [11], we get for
s = m− 1,m− 2, · · · ,m− n and any e ∈ Fj(F ) with j = 0, 1, · · · ,m− 1− s
(4.32)
∥∥J∇shvhK∥∥0,e . ∑
K∈∂−1F
h
m−s−(j+1)/2
K |vh|m,K .
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For s < m− n, it follows from (4.29) and (4.32)
∥∥J∇shvhK∥∥0,F . n−2∑
j=0
∑
ej∈Fj(F )
h
j/2+m−n−s
F
∥∥J∇m−nh vhK∥∥0,ej
.
∑
K∈∂−1F
h
m−s−1/2
K |vh|m,K ,
with together with (4.32) with j = 0 again implies (4.31). 
Given the virtual triangulation T ∗h , for each nonnegative integer r < m, define
the tensorial (m− r)-th order Lagrange element space associated with T ∗h
Srh := {τh ∈ H10 (Ω;Tn(r)) : τh|K ∈ Pm−r(G;Tn(r)) ∀ K ∈ T ∗h }.
According to Lemma 4.7 in [11], (4.28) and (4.31), for r = 0, 1, · · · ,m − 1 and
any vh ∈ Vh, there exists τr = τr(vh) ∈ Srh such that
(4.33) |∇rhvh − τr|j,h . hm−r−j |vh|m,h for j = 0, 1, · · · ,m− r.
By (4.33), we have the discrete Poincare´ inequality (cf. Lemma 4.8 in [11])
(4.34) ‖vh‖m,h . |vh|m,h ∀ vh ∈ Vh,
and thus
‖vh‖m,h h |vh|m,h ∀ vh ∈ Vh.
5. Error Analysis
In this section, we will analyze the nonconforming virtual element method (4.3).
Denote by Ih : H
m
0 (Ω) → Vh the standard canonical interpolation operator based
on the degrees of freedom in (3.7)-(3.9). Adopting the same argument as in [11],
we have the following error estimate for the interpolation operator Ih
(5.1) |v − Ihv|m,K . hk+1−mK |v|k+1,K ∀ v ∈ Hk+1(Ω),K ∈ Th.
Due to (3.17) and (3.14), we have the following k-consistency
(5.2) ah,K(p, v) = (∇mp,∇mv)K ∀ p ∈ Pk(K), v ∈ V Kk .
5.1. Consistency error estimate.
Lemma 5.1. Let u ∈ Hm0 (Ω)∩Hk+1(Ω) be the solution of the polyharmonic equa-
tion (4.1). For i = 0, 1, · · · ,min{m− 1, k −m}, it holds for any vh ∈ Vh
(5.3)
∣∣∣(divi∇mu,∇m−ih vh) + (divi+1∇mu,∇m−(i+1)h vh)∣∣∣ . hk+1−m|u|k+1|vh|m,h.
Proof. It follows from the weak continuity (4.24) with s = m − (i + 1) that the
projection QFk−(m+i)(J∇m−(i+1)h vhK) = 0 for each F ∈ F1h and i = 0, · · · ,m − 1.
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Applying integration by parts, we get
(divi∇mu,∇m−ih vh) + (divi+1∇mu,∇m−(i+1)h vh)
=
∑
K∈Th
((divi∇mu)ν,∇m−(i+1)h vh)∂K
=
∑
F∈F1h
((divi∇mu)νF,1, J∇m−(i+1)h vhK)F
=
∑
F∈F1h
((divi∇mu)νF,1, J∇m−(i+1)h vhK−QFk−(m+i)(J∇m−(i+1)h vhK))F
=
∑
F∈F1h
((divi∇mu)νF,1 −QFk−(m+i)((divi∇mu)νF,1), J∇m−(i+1)h vhK)F ,
with together with (4.27) and (4.31) gives (5.3). 
Lemma 5.2. Let u ∈ Hm0 (Ω) ∩ H2m−1(Ω) be the solution of the polyharmonic
equation (4.1). Assume m ≤ k < 2m− 1. For i = k−m+ 1, k−m+ 2, · · · ,m− 2,
it holds for any vh ∈ Vh∣∣∣(divi∇mu,∇m−ih vh) + (divi+1∇mu,∇m−(i+1)h vh)∣∣∣
.
(
hi|u|m+i + hi+1|u|m+i+1
)
|vh|m,h,(5.4)
(5.5) ((−div)m−1∇mu,∇hvh)− (f, vh) . (hm−1|u|2m−1 + hm‖f‖0)|vh|m,h.
Proof. Thanks to (4.33), for i = k − m + 1, k − m + 2, · · · ,m − 1, there exists
τm−(i+1) ∈Wm−(i+1)h such that
(5.6) |∇m−(i+1)h vh − τm−(i+1)|j,h . hi+1−j |vh|m,h for j = 0, 1.
Since τm−(i+1) ∈ H10 (Ω;Tn(m− (i+ 1))), we get for i = k −m+ 1, · · · ,m− 2
(divi∇mu,∇τm−(i+1)) + (divi+1∇mu, τm−(i+1)) = 0,
((−div)m−1∇mu,∇τ0)− (f, τ0) = 0.
Then we have for i = k −m+ 1, · · · ,m− 2
(divi∇mu,∇m−ih vh) + (divi+1∇mu,∇m−(i+1)h vh)
= (divi∇mu,∇h(∇m−(i+1)h vh − τm−(i+1)))
+ (divi+1∇mu,∇m−(i+1)h vh − τm−(i+1)),
((−div)m−1∇mu,∇hvh)− (f, vh) = ((−div)m−1∇mu,∇h(vh − τ0))− (f, vh − τ0).
Hence we conclude (5.4)-(5.5) from (5.6). 
Next consider the perturbation of the right hand side.
Lemma 5.3. Assume f ∈ H`(Th) with ` = max{0, k + 1− 2m}, then it holds for
any vh ∈ Vh
(5.7) (f, vh)− 〈f, vh〉 . hk+1−m+max{0,2m−k−1}|f |`,h|vh|m,h.
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Proof. For m ≤ k ≤ 2m− 1, we get from the local Poincare´ inequality (4.6)
(f, vh)− 〈f, vh〉 = (f, vh −Πhvh) . hm‖f‖0|vh|m,h.
For 2m ≤ k ≤ 3m− 2, it follows from (4.2), (4.26) and (4.6)
(f, vh)− 〈f, vh〉 =
(
f, vh −Qm−1h Πhvh −Qk−2mh (vh −Πhvh)
)
=
(
f −Qk−2mh f, vh −Qm−1h vh + (Qm−1h −Qk−2mh )(vh −Πhvh)
)
≤ ‖f −Qk−2mh f‖0(‖vh −Qm−1h vh‖0 + ‖vh −Πhvh‖0)
. hk+1−m|f |k+1−2m,h|vh|m,h.
For k ≥ 3m− 1, it holds from (4.26)
(f, vh)− 〈f, vh〉 =
(
f, vh −Qk−2mh vh
)
=
(
f −Qk−2mh f, vh −Qk−2mh vh
)
≤ ‖f −Qk−2mh f‖0‖vh −Qm−1h vh‖0
. hk+1−m|f |k+1−2m,h|vh|m,h.
Combining the last three inequalities indicates (5.7). 
Lemma 5.4. Let u ∈ Hm0 (Ω)∩Hr(Ω) with r = max{k+1, 2m−1} be the solution of
the polyharmonic equation (4.1). Assume f ∈ H`(Th) with ` = max{0, k+1−2m}.
It holds for any vh ∈ Vh
(∇mu,∇mh vh)− 〈f, vh〉
.hk+1−m(‖u‖r + h‖f‖0 + hmax{0,2m−k−1}|f |`,h)|vh|m,h.(5.8)
Proof. Notice that
(∇mu,∇mh vh)− (f, vh)
=
m−2∑
i=0
(−1)i
(
(divi∇mu,∇m−ih vh) + (divi+1∇mu,∇m−(i+1)h vh)
)
+ ((−div)m−1∇mu,∇hvh)− (f, vh).
Then it follows from (5.3)-(5.5)
(∇mu,∇mh vh)− (f, vh) . hk+1−m(‖u‖r + h‖f‖0)|vh|m,h,
which together with (5.7) yields (5.8). 
5.2. Error estimate. With previous preparation, we can show the optimal order
convergence of the nonconforming virtual element method (4.3).
Theorem 5.5. Let u ∈ Hm0 (Ω) ∩ Hr(Ω) with r = max{k + 1, 2m − 1} be the
solution of the polyharmonic equation (4.1), and uh ∈ Vh be the nonconforming
virtual element method (4.3). Assume the mesh Th satisfies conditions (A1) and
(A2). Assume f ∈ H`(Th) with ` = max{0, k + 1− 2m}. Then it holds
(5.9) |u− uh|m,h . hk+1−m(‖u‖r + h‖f‖0 + hmax{0,2m−k−1}|f |`,h).
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Proof. Let vh = Ihu− uh. It follows from (5.2), (4.21), (5.1) and (4.28)
ah(Ihu, vh)− (∇mu,∇mh vh) = ah(Ihu− Thu, vh) + ah(Thu, vh)− (∇mu,∇mh vh)
= ah(Ihu− Thu, vh) + (∇mh (Thu− u),∇mh vh)
. |Ihu− Thu|m,h|vh|m,h + |u− Thu|m,h|vh|m,h
. (|u− Ihu|m,h + |u− Thu|m,h)|vh|m,h
. hk+1−m|u|k+1|vh|m,h.(5.10)
Notice that
ah(Ihu, vh)− 〈f, vh〉 = ah(Ihu, vh)− (∇mu,∇mh vh) + (∇mu,∇mh vh)− 〈f, vh〉.
We get from (4.22), (4.3), (5.10) and (5.8)
|Ihu− uh|2m,h . ah(Ihu− uh, vh) = ah(Ihu, vh)− 〈f, vh〉
. hk+1−m(‖u‖r + h‖f‖0 + hmax{0,2m−k−1}|f |`,h),
which together with (5.1) implies (5.9). 
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